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W I  ABSTRACT 
An electronic filter comprised of three active filter 
sections (A, B, C) is provided to smooth the stepped 
signal from a digital-to-analog converter. The first sec- 
tion has a noninverting tow-pass filter transfer function, 
and the second has an inverting transfer function de- 
signed to pass a narrow frequency band centered at the 
step frequency of the stepped output signal with sharp 
cutoff on either side of that narrow band. The third 
section adds the noninverted output of the first section 
to the inverted output of the second section. This third 
section has a lead-lag transfer function designed to re- 
duce the phase angle between the signal at its output 
terminal and the stepped signal at the input of the first 
section. 
115-117. 
19-32. 
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ORIGIN OF THE INVENTION 5 
The invention described herein was made by an em- 
ployee of the US. Government and may be manufac- 
tured and used by and for the Government for Govern- 
ment purposes without the payment of any royalties 
thereon or therefor. 
BACKGROUND OF THE INVENTION 
This invention relates to an electronic analog filter 
for smoothing the stepped output from a digital-to- 
analog converter. 15 
In many applications having a sampled data signal 
processed in digital form, it is necessary to convert the 
digital signal to analog form. Typically, this is when a 
digital computer is required to produce an analog out- 
put. There are numerous potential applications in indus- 20 
trial process control systems, aerospace control sys- 
tems, automotive control systems, and the like. 
The computer, or other type of digital processing 
system, produces an output which is a continuous series 
of values in binary form as though each value were a 25 
sample of a continuous function, where the samples are 
taken at equally spaced intervals called the frame time, 
or clock period where the clock rate is established by 
the computer. The output is held constant at each value 
for one frame time (clock period), after which it rapidly 30 
switches to the next value. Each value is converted 
from digital to analog form virtually instantaneously, so 
the analog output is a stepped waveform. 
A stepped waveform output of this kind is unaccept- 
able for many applications. One method of remedying 35 
this situation is to increase the sample clock rate, ie., 
decrease the frame time for each value, but this method 
is usually not available since it decreases the time avail- 
able for computing the value. Only a very high speed 
computer with few computation steps per value can use 40 
this method. The more usual method involves the use of 
10 
an effective analog filter, thereby increasing the amount 
of computation that can be used to compute each value 
in one frame time. 
For a smooth filtering operation, a band-pass RLC 
filter would be required having a high Q factor, which 
is a figure of merit that measures the relationship be- 
tween the energy stored by the inductance, L, and the 
capacitance, C, and the rate of dissipation of energy. In 
its simplest form, an RLC filter is comprised of a resis- 
tor in series with an LC tank circuit. Its Q factor is 
given by the ratio of its reactance in the tank circuit to 
its effective series resistance at a given frequency. Since 
the frequency of the signal being smoothed is a function 
of the digital values, and may vary from virtually zero 
(for a steady state digital output) to some upper limit, 
which is a function of the dynamic response of the load 
receiving the digital-to-analog converted signal being 
smoothed, the bandwidth of the filter is apt to be quite 
large. 
To facilitate design of a band-pass filter, it has been 
the practice to use operational amplifiers coupled to 
simulate inductance as disclosed in U.S. Pat. No. 
3,835,399. This permits the design of a stable tunable 
band-pass filter capable of operation over a wide range 
of band widths and center frequencies. Such an active 
filter would help meet the high Q requirements of a 
low-pass filter. But such an active filter is not itself 
45 
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adequate for the task at hand due to the presence of the 
sample frequency and the attendant phase angle of the 
filter over a certain range of frequencies. 
OBJECTS AND SUMMARY OF THE 
INVENTION 
An object of this invention is to provide an active 
low-pass filter for use with a sampled signal converted 
to an analog signal and which eliminates the effects of 
sampling frequencies. 
Still another object is to provide a filter for a sampled 
signal converted to analog with a reduced phase angle 
between the input and the output over a predetermined 
range of frequencies. 
These and other objects of the invention are achieved 
by three active filter sections, a first (noninverting) 
section having a transfer function of a second order 
low-pass filter, a second (inverting) section having a 
transfer function of a narrow band-pass filter set at the 
sample frequency, and a third active (noninverting) 
section having a transfer function of a lead-lag Filter 
connected to add the output of the first (noninverting) 
section and the output of the second (inverting) section 
and operate on the sum to reduce the phase angle be- 
tween the input to the f is t  section and the output of the 
third section over a predetermined range of frequencies. 
Summing an inverted narrow band-pass filter output 
with a noninverted signal produces a notch filter. The 
combination thus smooths the sampled signal using a 
low-pass filter with components of the sampling fre- 
quency effectively notch filtered with virtually no 
phase angle between the input and output over a prede- 
termined range of frequencies for the analog signal. 
The novel features that are considered characteristic 
of this invention are set forth with particularity in the 
appended claims. The invention will best be understood 
from the following description when read in connection 
with the accompanying drawings. 
BRIEF DESCRIPTION OF THE DRAWINGS 
FIG. 1 is a schematic diagram of an electronic analog 
filter for smoothing a stepped output from a digital-to- 
analog converter. 
FIG. 2 illustrates the input and output voltages of the 
filter of FIG. I. 
DESCRIPTION OF PREFERRED 
EMBODIMENTS 
Referring now to FIG. 1, a filter for smoothing the 
stepped output from a digital-to-analog converter 
driven by a digital computer is comprised of three sec- 
tions, a low-pass filter section A, a narrow band-pass 
filter section B, and a lead-lag fiIter C. The stepped 
waveform produced by a digital-to-analog converter 
and applied to the circuit input, V IN, is shown in FIG. 
2. Each step occurs at equally spaced intervals called 
the frame time established by clock pulses from the 
digital computer. The voltage is held constant during 
each frame time, after which it rapidly switches to the 
next interval level. An analog signal of this form is 
unacceptable for many applications. T o  make the signal 
acceptable, the filter circuit of FIG. 1 transforms the 
analog signal, V IN, to an output signal, V OUT, of the 
form shown in FIG. 2 with virtually no phase shift 
between the stepped waveform input signal and the 
smoothed signal, and virtually no effect from the sample 
3 
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frequency, i.e., the frequency at which new digital val- 
ues are converted to voltage levels. 
The low-pass filter section A is an active filter utiliz- 
ing an operational amplifier 10 coupled to the input 
signal, V IN, by resistors R1 and R2. A resistor R3 
connected between the amplifier output and the invert- 
ing (-) input terminal of the amplifier provides stabiliz- 
ing negative feedback. The high Q, low-pass filtering 
action is provided by a capacitor C1 connected between 
the amplifier output and a junction between the resistors 
RI and R2, and a capacitor between the noninverting 
(+) input of the amplifier and circuit ground. This 
active filter section has a transfer function, F1, given by 
the following expression: 
1 
1 + 2ZlTlS + T12S2 FI = 
where S is the complex Laplace operator, 
TI  = v R 1  R2 C1 C2 
R1 + R2 z1 = 
2 R1 R2 (Cl/C2) 
Note that the negative feedback resistor R3 is not a 
factor in this transfer function. Only the resistors R1 
and R2 and the capacitors C1 and C2 are factors. Note 
also that the gain of the operational amplifier is not a 
factor. However, amplifier bias current may dictate the 
additional constraint of R3=R1 +R2. 
Generally the transfer function of the first section A 
is a low-pass filter. By itself it could not be used as a 
smoothing filter because of the sampling frequency 
present in the stepped waveform and the phase shift that 
would occur between the input and the output. To 
eliminate the sampling frequency, the sum of the output 
of the second section B and the output of the first sec- 
tion A is provided with a transfer function, F2, given by 
the expression: 
1 + T22S2 
1 + 2Z2T2S + T22S2 F2 = 
where: 
T2 = 4- 
The resistors R4 through R7, and the capacitors C3 and 
C4 are connected to an operational amplifier 12 as 
shown in FIG. 1. Resistor R4 couples the output of the 
first section to a junction between capacitor C3 and 
resistor R5. That junction is connected to the inverting 
(-) input terminal of the amplifier 12 by the capacitor 
CB. Resistor R6 connects the noninverting (+) input 
terminal of the amplifier 12 to circuit ground, and resis- 
tor R7 provides stabilizing negative feedback between 
the output and the inverting input of the amplifier 12. 
Note that resistor R6 is not a factor in this transfer 
function, nor is the gain of the amplifier, but an addi- 
tional constraint is R7/R4= 1 +C3/C4. This constraint 
makes the gain of the narrow band-pass amplifier 12 
exactly unity at the resonant frequency. When the out- 
4 
put of amplifier 12 is added to its input, the result is a 
notch filter with zero gain at the notch frequency. 
The frequency at which the second section 2 must be 
accurately tuned to pass is aligned with the computer 
frame time Tr, using the relationship: 
T2 = (Tf-277) 
To facilitate making this critical adjustment while si- 
lo multaneously meeting the above notch constraint, both 
the coupling resistor R4 and the feedback resistor R7 
are preferably made adjustable, as shown, to permit 
accurate adjustment. 
A notch filtered signal of the input, V IN, is synthe- 
l5 sized by subtracting the output of the second section 
from the output of the first section. Since the second 
section is inverting, while the first is not, this is accom- 
plished by adding the outputs of the first and second 
20 sections through equal resistors R8 and R9 connected to 
the noninverting input of an operational amplifier 14 in 
the third section. A capacitor C5 connects the junction 
of the two resistors to circuit ground. The output, V 
OUT, of the amplifier 14 is connected to its inverting 
25 (-) input by a feedback resistor R11. The inverting 
input is also connected to circuit ground by a resistor 
R12 and capacitor C6 in series, and by a resistor R10 in 
parallel with the series circuit of resistor R12 and capac- 
itor C6. The transfer function F3, of the third section is 
30 given by the following expression: 
W + T3s) R8 R 1 0 + R 1 1  
( 1  + Tqs) (1 + TsS) where = - R8 + R 9  R10 F3 = 
35 
Note that R8=R9 to satisfy the notch filter require- 
ment. Thus the expressions for G and T3 become: 
R8 C5 
2 T5 = - 
All components of the three sections except RS, R9, 
R10 and R11 can have tolerances as large as 5%. The 
tolerances of these four resistors are dictated by the 
50 requirement for overall gain accuracy. Precision capac- 
itors are not required, provided R4 and R7 are adjust- 
able. Alternatively, to avoid the need for adjustments, 
R4, R5, R7, C3 and C4 can be precision components 
with tolerances of 1 % or better. As stated above, these 
55 constraints are: 
R8 = R9 
60 
Amplifier bias current in the three sections may dictate 
additional constraints, as follows: 
65 
R3 = R1 + R2 
R6 = R l  
R8 R9 R10R11 
R8 + R9 - R10 + R11 -- 
5 
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Most of the filter constraints are not critical, and can be 
allowed to vary up to 10%. The recommended values 
of the noncritical constraints are: 
21 =0.25 
Ti =T&3 
T3 =0.67Tf 
T4=0.27Tf 
T5 =O.OSTf 
z2=0.25 5 
where T’is the frame time (sample period). The critical 10 
constraint is that the notch frequency of the second 
section must be accurately aligned with the frame time, 
Tfi using the relationship T2=Tf/2. 
The total transfer function of the filter circuit is given 
by the expression. 15 
(V OWT/V IN)=Fi F2 F3 
Where F1, F2 and F3 are the transfer functions of the 
first, second and third sections as set forth above. Since 20 
the notch portion, F2, is critical, it is recommended that 
both resistor R4 and resistor R7 be made adjustable to 
permit accurate adjustment of the relationships: 
T2= Tf/27r 25 
(R7/R4)= 1 +(c3/c4) 
The notch portion is then easily adjusted by injecting 
only a sinusoidal input at the desired frame rate, and 
adjusting the trim resistors R4 and R7 for zero output. 
the following particulars: 
An exemplary circuit has been successfully used with 30 
T p  18.75 ms 
R1=51 K 
R2=16 K 
R3=68 K 35 
R4=Variable, 39 K to 89 K (Nominal value 56.75 K) 
R5=9.1 K 
R6=130 K 
R7=Variable, 75 K to 175 K (Nominal value 113.5 
K) 
RS=R9=RlO=R11= 150 K 
R12=51 K 
C l = l  uf 
C2=0.047 uf 
C5=0.022 uf 
In operation, the first section of the filter functions as 
a noninverting active low-pass filter, the second section 
functions as an inverting narrow band-pass filter ampli- 
fier tuned to the frame time of the stepped analog input 50 
signal, V IN, and the third term functions as a summing 
amplifier to add the output of the low-pass filter section 
and the narrow band-pass filter section, thereby to sub- 
tract out of the low-pass filtered signal the sampling 
frequency, lflf The third term also functions as lead- 55 
lag filter designed to reduce the phase angle between 
the input, V IN, and the output, V OUT, over a prede- 
termined range of frequencies. 
This noninverting filter has several desirable features. 
It is easily implemented using only three operational 
amplifiers, which can be 4 of a quad operational ampli- 
fier package. Nearly all the components can have toler- 
ances as large as 5%, except for the four resistors RS 
through R11. Precision capacitors are not required. 65 
Calibration is easily done by simply injecting a sinusoi- 
dal input at the desired frame rate and adjusting the trim 
resistors R4 and R7 for zero output, as noted above. 
40 
C3=C4=C6=0.1 uf 45 
60 
According to sampled data theory, sampled signals 
contain no information at frequencies above the Nyquist 
frequency, which is half the frame rate. No real filter 
can correctly reproduce the original signal at all fre- 
quencies up to the Nyquist frequency, but this filter can 
reproduce the original signal with an amplitude error of 
+ 1 dB and 20%, and + 3  dB at 40% of the Nyquist 
frequency. Phase shift up to the 40% point is negligible. 
Although particular embodiments of the invention 
have been described and illustrated herein, it is recog- 
nized that modifications and variations may readily 
occur to those skilled in the art. Consequently, it is 
intended that the claims be interpreted to cover such 
modifications and equivalents. 
What is claimed is: 
I. An electronic filter for smoothing the stepped 
signal from a digital-to-analog converter comprising 
three active filter sections, each having an input termi- 
nal and an output terminal, and said third section having 
two input terminals for receiving the signals at output 
terminals of said first and second sections, said first 
section having a noninverting low-pass filter transfer 
function, said second section having its input terminal 
connected to the output terminal of said first section, 
said second section having an inverting transfer func- 
tion designed to pass a narrow frequency band centered 
at the step frequency of said stepped output signal with 
sharp cutoff on either side of said band, and said third 
section having one input terminal connected to the 
output terminal of said second section and one input 
terminal connected to the output terminal of said first 
section for summing the signals at output terminals of 
said first and second sections, said third section having 
a noninverting lead-lag transfer function designed to 
reduce the phase angle between the signal at its output 
terminal and the stepped signal at the input of said first 
section. 
2. An electronic filter for smoothing the stepped 
signal out of a digital-to-analog converter as defined in 
claim 1 having a transfer function given by the follow- 
ing expression 
(V OUT/V IN)=Fl F2 F3 
where F1 is the transfer function of the first section, F2 
is the transfer function of the second section given by 
the expression 
F2 = 1 + Tz2S2 
1 + 222T2S + Tz2S2 
where S is the complex Laplace operator, and F3 is the 
transfer function of the third section. 
3. An electronic filter as defined in claim 2 wherein 
the transfer function, F3, of the third section is given by 
the expression 
4. An electronic filter as defined in claim 3 wherein 
said transfer function, F1, of said first section is given by 
the expression 
7 
1 
1 + 2ZiTiS + T12S2 F1 = 
4,275,453 
5. An electronic filter as defined in claim 4 wherein 
said transfer function, F i ,  of said first section is imple- 
mented by a circuit comprised of a first operational 
amplifier having an inverting and noninverting input, 
first and second resistors, R1 and R2, connected in 
series to couple the stepped signal from the digital-to- 
analog converter to the noninverting terminal of said 
operational amplifier, a feedback capacitor, C1, cou- 
pling the output of said amplifier to a junction between 
said first and second resistors, a second capacitor con- 
nected between said noninverting input and circuit 
ground, and a third resistor coupling the output of said 
amplifier to the inverting input terminal thereof, and 
where the constants in the transfer function F1 are re- 
lated to the circuit components by the following expres- 
sions 
T~ = V R I  RZ ci a 
R1 + R2 
2 \I R1 R2 (CVC.2) 
2 1  = 
6. An electronic filter as defined in claim 5 wherein 
the resistance of said third resistor is equal to the sum of 
the resistances of said resistors R1 and R2. 
7. An electronic filter as defined in claim 5 wherein 
said transfer function, F2, of said second section is im- 
plemented by a circuit comprised of a second opera- 
tional amplifier having an inverting input terminal and a 
noninverting input terminal, a fourth resistor, R4, and a 
fifth resistor, R5, connected in series between the out- 
put terminal of said first operational amplifier and cir- 
cuit ground, a third capacitor, C3, coupling the output 
terminal of said second operational amplifier to the 
junction between said fourth and fifth resistors, a fourth 
capacitor, C4 coupling the junction between said fourth 
and fifth resistors and said third capacitor to the invert- 
ing input terminal of said operational amplifier, a sixth 
resistor, R6, connected between the noninverting input 
terminal of said operational amplifier and circuit 
ground, and a seventh resistor, R7, connecting the out- 
put of said second operational amplifier to the inverting 
input terminal thereof, and wherein the constants in the 
transfer function F2 are related to the circuit compo- 
nents by the following expressions 
lo and R7/R4= 1 +C3/C4. 
8. An electronic filter as defined in claim 7 wherein 
the resistance of said sixth resistor, R6, is equal to the 
resistance of said seventh resistor, R7. 
9. An electronic filter as defined in claim 8 wherein 
said transfer function, F3, of said third section is imple- 
mented by a circuit comprised of a third operational 
amplifier having a noninverting input terminal and an 
inverting terminal, eighth and ninth resistors, R8 and 
2o R9, coupling said noninverting input terminal of said 
third operational amplifier to the respective output 
terminals of said second and first operational amplifiers, 
a fifth capacitor, C5, connecting the noninverting input 
terminal of said third operational amplifier to circuit 
25 ground, a sixth capacitor, C6, and a twelfth resistor, 
R12, connected in series between the inverting input 
terminal of said third operational amplifier and circuit 
ground, an eleventh resistor, R11, connecting the out- 
put terminal of said third operational amplifier to the 
3o inverting input terminal thereof, and a tenth resistor, 
R10, connected between the inverting input terminal of 
said third operational amplifier and circuit ground, and 
wherein the constants in the transfer function F3 are 
related to the circuit components by the following ex- 
15 
35 pressions 
R8 C5 Ts = - 7 ’  - 
RlORl l  T3 = R12 + R1O + R 1 l  ‘3, 
T4 = R12 C6, 40 
R11 
G = -  +m 
2 ’  
and further wherein the following constraints on circuit 
45 components are observed 
50 
R8 = R9 
* * * * *  
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